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Abstract In his long 1957 paper, “The Theory of the Universal Wave Function”,
Hugh Everett I1I made some significant preliminary steps towards the application and
generalization of Shannon’s information theory to quantum mechanics. In the course
of doing so, he conjectured that, for a given wavefunction on a compound space, the
Schmidt decomposition maximises the correlation between subsystem bases. This is
proved here.

Let H; and Hs be separable Hilbert spaces and H = H; ® Ho be their tensor
product. Let U € H be a wavefunction — by which I mean simply that ||¥|| = 1.
Suppose that H; has dimension D; < oo and Hs has dimension Dy < oco. Without
loss of generality, suppose that D < Ds.

A Schmidt decomposition (von Neumann 1932, Everett 1957, and many modern
textbooks) of ¥ is an expansion of the form ¥ = Zf;l Pr@ntby where (p,)01 is
an orthornormal basis of Hy, (¢,) fil is an orthornormal basis of Hs, 0 < p,, < 1 and
Zf;l pn = 1. Schmidt decompositions always exist. They are unique, up to phase
factors, as long as D1 = D5 and the p,, are all distinct.

Mixtures of notations from both mathematics and physics will be used and abused
throughout this note. For example, ¢, is written here for ¢,, ® 1,,. In notation
used later, the same wavefunction would appear as |¢y,, ¥, > or simply as |n,n>.

Set o = |[U><W|. o is a pure state on the algebra B(H) of bounded operators
on H and for B € B(H) we shall write o(B) = <¥|B|U> = tr(|U><¥|B).

Define o7 to be the reduced density matrix of ¢ on H;. In other words, o1 =
try, (o) is the partial trace of o over Hy , and, for all By € B(H1), 01(B1) = 0(B1®12)
where 15 is the identity operator on Hs. 02 = try, (o) and 1; are defined similarly.

The Schmidt decomposition gives

D1 Dl
o1 = an|<,0n><gon| and o0y = an|¢n><¢n|.
n=1 n=1

Suppose that Z; = (P;)I_; (respectively Z, = (Qj)jzl) is a sequence of orthogo-

nal projections in B(H1) (resp. B(Hz)) such that Zle P, =1, (resp. Z}]:1 Q; = 12).
We shall write PZQJ for P, ® QJ € B(Hl X Hg)

In particular, write P, = |p,><p,| for n = 1,..., Dy, Qn = |90 ><ty,| for
n=1,...,Dy, Z1 = (P,)P1, and 2, = (Q,)"2,.
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In all cases,
I

J
Zo— PiQ;) =0(P®ly) =01(P) and > o(PQ;) =o(110Q;) = o2(P)). (1)
When discussing relative entropies, we shall also use Z; and Z5 to denote the
abelian von Neumann algebras generated by (P;);_; and (Q;)7_,, while Z will denote
the abelian von Neumann algebra Z; ® Z5 C B(H) generated by (PQ;)_, 3-]:1.
Define
{21, Z2}w =) [0(PQ))loga(P,Q;) — 0(P:Q;)log(a1(P;)oa(Q;))
]
—0(P,Q;) + 01(P)o2(Q;)].  (2)
Of course }, ;0(FQ;) = >3, ;01(Pi)o2(Q;) = 1 so that the final terms in
definition (1) are redundant in the finite-dimensional case. They are added for the
general case, however, because, then, by the standard inequality

§s>0,7r>0=slogs —slogr —s+r >0,
each term in the sum is non-negative, and the sum is well-defined even if it is infinite.
Note that with the convention that Olog0 = 0, each term in the sequence is finite
because
Ul(Pi)O-Q(Qj) =0= O'(Ple) =0.
This holds by the Cauchy-Schwarz inequality, or alternatively because, o(FP;Q;) > 0
for each j and so, by (1),
Ul(PZ') =0= O'(PzQ]) =0 for all j
(2) is the mutual information of random variables X on {i = 1,...,I} and Y
on {j =1,...,J} with joint distribution Pjsint(i,7) = 0(P;Q;) (Cover and Thomas
1991). In other words, with the convention in which relative entropy is negative,
it is the absolute value of the relative entropy of the joint distribution Pjgin: (4, j)
with respect to the product distribution of the marginals P,,qr4(7, ) = 01(F;)02(Q;).
This means that the greater the mutual information, the more different the joint
distribution is from the product distribution, and thus the more that X and Y are
correlated.
Generalizing to the quantum case, Everett considers operators A = ). a;P; on
‘H; and B = Zj b;Q; on Hy and calls {21, Z;}y the correlation between A and B
on V. He then conjectures theorem 3.

Theorem 3 o
0<{Z21, 22}y <{Z1,22}v = —an log pn.

proof Begin by assuming that dimH; = dimHs = D < oo.
Using (1), we can write the result in the form

—202 QJ 10g0'2 Qj 201 10g01 P)

< _an logpn - ZJ(Pin)IOgU(Pin)' (4)
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Inequalities of this sort between quantum entropies involving sequences of oper-
ators which need not commute such as the (P;) and (F,) and the (Q;) and (Q,,) can
be difficult to prove (even when they are true). The fundamental result in this area
is strong subadditivity conjectured, in a statistical mechanical context, by Lanford
and Robinson (1968) and proved by Lieb and Ruskai (1973). This says that if we
have a state p on a Hilbert space H = H, ® Hp ® H. and we define p, = try, o, (p),
Pab = try (p), and pye = try, (p), then

S(p) + 5(pp) < S(pav) + 5(poe) (5)
where, for any state w, S(w) = —tr(wlogw).

Suppose that dimH, = D < oo, and let 7, be the totally mixed state on H,.

For ¢ and w any states on a Hilbert space H, the relative entropy of o with respect
to w is defined as

entp(y) (0 |w) = tr(—clogo + o logw).

This definition uses the convention that relative entropy is negative. In Donald
(1986) and Donald (1992), I explain that exp{entps)(o|w)} can be interpreted as
the probability per trial of information given by operators in B(H) of mistaking the
state w for the state o. To apply this to understand why equation (5) should be true,
note that, using the definition of the partial trace,

entB(H) (p ‘ Ta & pbc) = S(p) - S(pbc) - IOgD
and
entz(s,,)(Pab | Ta @ pp) = S(pap) — S(pp) — log D.

This means that (5) is equivalent to

ents(r) (0| 7a ® poe) < entpa,,)(Pab | Ta @ pb). (6)
(6) can be interpreted as saying that we are more likely to mistake the state
Ta @ ppe for the state p if we can look at all the operators in B(H) than if we just
get to look at the operators in B(Hga,). In other words, (6) is an example of the
monotonicity of the relative entropy; a fundamental result with a wide variety of
proofs and extensions (Ohya and Petz 1993).
The difficulty now is to equate each of the terms in (4) with the entropy of a
state restriction as in (5). But first some preliminaries:

U(ﬁném) pn(sn m and (71( ) = Uz(Qn) Pn so that
{21, Z2}e = an l0g pn/(Pn)? an 10g py.-

This determines the right hand 51de of theorem 3, and shows that, like the sequence
(pn), it is independent of the choice of Schmidt decomposition of .

remark It is tempting to try to prove Everett’s conjecture using the monotonicity
of the relative entropy under quantum operations (Lindblad 1974, Uhlmann 1977),
with the quantum operation € : B(H) — B(H) defined by £(B) = }_,; P;Q; BP,Q;, or
alternatively, by using monotonicity under restriction to the subalgebra Z. Everett’s

3



conjecture, however, seems remarkably strong in the sense that a direct use of these
theorems just gives

entpp) (0|01 ® 02) <entgpyy(d o€ | (01 ®0z)0&) <entz(o|or ®oz) <0.
The useful terms here work out as
2> pnlogp, = entpy (0|01 @ 03) < entz (0|01 @ 02) = —{Z1, Za}w < 0.

The problematic factor of 2 arises because o is a pure state on the algebra B(H).
—entp() (0|01 ® 02) = S(01) + S(02) — S(0)
is also the quantum mutual information in this situation, so various inequalities in-

volving that property are also not quite as strong as Everett’s conjecture. {21, Zo}w
is in fact the negative of the relative entropy ent=(o |01 ® 02) (or in strict notation
entz(o|z|o1|z @ o2z )) where, as von Neumann algebras, Z = Z; ® Z,. Despite
this failure, the quantum operation £ and its components ! and &2, defined by
EN(By) = Y, PiB1P; and £%(By) = 3, Q;BQj, are central to the proof of the full re-
sult, in which we will use standard techniques to represent £! and £2 as compositions
of unitary maps and partial traces.

There are strong similarities between the proof I shall give here, and Schumacher
and Nielsen’s (1996) proof of the quantum data processing inequality. Nevertheless,
it is not clear to me that Everett’s inequality can be interpreted as an application
of Schumacher and Nielsen’s result. On the other hand, it may well come within
the scope of exercise 12.15 of Nielsen and Chuang (2000) which begins: “Apply all
possible combinations of the subadditivity and strong subadditivity inequalities to
deduce other inequalities for [a] two stage quantum process”! Over the last twenty
years, the literature on quantum information theory has explored a vast variety of
such combinations to the point where I would quite surprised if Everett’s inequality
was not out there somewhere. As yet, however, I have failed to find it. Anyway, it
seems worth having a leisurely exposition of a direct and fairly simple proof linked to
the historical context.

lemma Suppose that P; =), P; . Then
> a(PQ))log o (PiQ;)/(01(Pi)o2(Q;))
,J

< 3" o(PaQ)) log o(Pa)) /(o1 (Pi)oa(@;).

7]7

proof By the log sum inequality (Everett 1957 Appendix 1.2 lemma 2, Cover and
Thomas 1991 theorem 2.71) which is a consequence of the convexity of z logz,

o(PiQj)loga(PiQ;)/(o1(Pi)o2(Q;))

= Z P; Q) logz P; 1 Q;) /Z o1(Pikr)o2(Q5))
k

k,//

< ZU P; 1 Qj)logo(P; 1Q;)/(01(Pyk)o2(Q5))- ]
%
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It follows that it is sufficient to prove the theorem for P; and @); one-dimensional
projections. Assume therefore that P; = |o;><e;| and Q; = |3;><f;| where {o; :
i=1,...,D} (resp. {#; : j =1,...,D}) is an orthonormal basis of H; (resp. Ha).

Now return to the problem of finding a way to express each term in (4) as the
entropy of a state restriction. Note first that there is a similarity between the two
terms on the left of (4) which does not seem to be matched by the form of the spaces
used in (5). This issue can be dealt with by introducing a fourth space H,4 and a pure
state on the total space H, ® Hp ® H. ® Hg. Using a Schmidt decomposition shows
that the entropy of the partial trace of that pure state over H, will equal the entropy
of its partial trace over H, ® Hp @ H..

Introduce auxiliary spaces H and H), with dim H} = dim H}, = D and orthonor-
mal bases {|i>:7=0,...,D — 1} and set

|Up>=10>® [I>® |0> € H] @ H1 @ He ® Hb.
Define a linear map U on H} ® H; by linear extension from
U(ln>® |a;>) = |n®i>Q |a;>

where @ is addition modulo D. U is defined on an orthonormal basis, which it maps
to another orthonormal basis:

<m @ ay|UUn®@a;>=<m®i'|n®i><ay|a;>=<m @i |In®i>8; s = 6 ndi

and so U is unitary. Note that, for ¢ € H;,

U(|0> @ |o>) =U) 0> @ Ple>) = > [i> @ Pile> =Y <ailp>li, a;>.

Similarly, define a unitary map V on Hs ® Hj by
V(Bi>®|n>) =16;>® |n® j>
and note that
V(> @[0>) =Y Q> |j> = <B;l>[8;, 5>
J J

Set |[¥'> = (U ® V)|¥,>. Then

U'> =" /paU(|0> @ |0n>) @ V([thn> @ [0>) (7)
= V/Pali>® Pilon> @ Qjlbn> @ |j> = Y |i> @ BiQ;|U> @ [j>.
ijn (%]

Now set p = |[¥/><U’|. Tt is straightforward to calculate all of the partial traces
of this state, either directly, or by identifying Schmidt decompositions. Note that as
that p is pure, if A C {1,1,2,2'} and A€ is its complement, a Schmidt decomposition
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of |U'> will show that S(pa) = S(pac). The results give
S(pl) = S(Pl’) = 8(01’22’) = P122/ = Zal log o1 P)

S(p2) = S(p2r) = S(p112) = S(p1112) = 202 Qg 108;02(QJ)

S(pr2) = S(p12) = S(prr) = S(pro) = — Za(Pin) log o(P;Q;)

4,J
S(pr1) = Sp22r) = Z P log pn.

Several choices are now avallable to apply (5), including a =1, b =1 and ¢ = 2,
and so the theorem is proved in the finite-dimensional case.

To confirm that the entropies of the partial traces are as given, first note that,
as U and V are unitary, (7) provides the Schmidt decomposition of |¥'> with respect
to the decomposition

(Hy @ H1 @ He @ Hy) = (H] @ H1) @ (Ha @ Hs).
This gives S(p11) = S(paz) = — >, Pnlog pn.
Next, write
U'> =) "i>® PQ;[U> @ j>=) |i>0 () <a, 810>, B, 5>).
ij i j
For i # i/, the vectors Zj <a, B;|¥>|ay, B, j> and Zj <air, B>\, B, > are
orthogonal. Moreover,
1) <ai, 810> i, B, 5> = ) |<ai, i1 0>]* = ) o(PQ;) = 01(P)
J J J
so we have the Schmidt decomposition of |¥'> with respect to the decomposition
(Hy @ H1 @ He @ Hb) = (H) ® (H1 @ Ha @ H5)
giving S(p1/) = S(p1227) = — >_; 01(P;) log o1 (F).
For the decomposition
(Hy @ H1 @ He @ Hb) = (H] @ Hb) @ (H1 @ Ha),
U'> =) " |i> @ PQ;T>® |j>
ij
already presents a Schmidt decomposition, as for (¢, j) # (¢, 5') the vectors P;Q;| V>
and PyQ;/|U> are orthogonal. ||P;Q;|V>||* = ¢(P;Q;) and so
S(p12) = S(prar) = — ZU(Pin) log o (P;Q;).
,J
With the underlying symmetry of formalism under the exchange of H; and (F;);
with Hs and (Q;);, it only remains to consider the decompositions
(Hy @ H1 @ Ha @ Hy) = (H1) @ (H) ® Ha ® Hy)
and

(Hy @ H1 @ He @ Hy) = (H] @ Ha) @ (H1 @ H5).
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For these, write
|\IJ/> = Z <a17ﬁj|\p>‘7’7 O‘ivﬁj;j>'
ij

For ¢ # 4/, the pairs |a;> and |a; > and Zj <o, B;|¥>1i, B, j> and
Zj <ay, Bi|W>|i’, B;, j> are orthogonal, and

1) <ai, Bi10>1i, 8, 5> 117 = Y [<ai, B[ 0> = ) o(PQ;) = o1(P).
j j

j
This yields S(pl) = S(p1/22/) = — Zz O'1(Pi) lOg O'1(Pi).
For (i,5) # (¢,7'), the pairs |i8;> and [¢/G;;> and |y, j> and |y, j'> are
orthogonal, and
|<ai, B;|0>* = o(PQ;)

so that S(p12) = S(p12) = — Z” U(Pin) 10gU(Pz‘Qj)-

Before dealing with the extension to infinite dimensions, note that the restric-
tion dim’H; = dim Hs has only been used for notational convenience. Considering
subspaces of such a situation is sufficient to yield the result for any pair of finite
dimensional spaces.

lemma The theorem holds whenever the sequences (P;)!_; and (Q;) 3-]:1 are finite,

and there are only finitely many p,, > 0.

proof Suppose p, >0forn=1,..., N < cc.
Let 1 be the Hilbert space spanned by the vectors
{Pipp, :i=1,....Iynm=1,...,N}.
K1 is finite-dimensional. Let P/ be the restriction of P; to ;.
Define K and (Q) similarly.
Then ¥ =" \/Pnon @ ¢y, = Zijn VP Pion ® Q1 € K1 ® Ko and the finite-
dimensional result can be applied, giving

=Y palogp, > Y a(P/Q))loga(P/Q})/(01(P])oa(Q)))
n %]

- ZJ(Pin) log o(P;Q;)/(01(P;)o2(Qy)). "

Now suppose that the sequences (P;)!_; and (Q;) 3-]:1 remain finite, but consider

general U ="\ /Dnpnty. Let RN be the projection on H onto the finite-dimensional
space spanned by {¢n,t¥, : m =1,...,N;n = 1,...,N}. Assume, without loss of
generality, that p; > 0 and set )} = p,,/ Zf:;l pn and oV = [TV >< V| where

N
o = Z \/ N opty,.
n=1

The lemma shows that

N
> i logry =3 oM (P.Q;)log N (P,Q;)/ (07 (P)os (Q;))-
n=1 i,j
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This is equivalent to
N
> i logr) <entz(oV|z|ol |z, ® 03 |z,).
n=1
WH*-upper semicontinuity of relative entropy (Donald 1986), or, in this abelian
situation, Fatou’s lemma, then implies that

entz(o|z | o1z, ® 02|z,) > limsupentz (o™ |z | o] |z, ® 05 |z,)

—00
N Z 1o o0
> hmsuerN logr = lim sup(="= 1]\1[% &Pn — log an an log py,.
N—oo =1 N—oo0 n=1Pn n=1

Finally, for the case of infinite sequences (F;)72; and (Q;)52,, write Pl =

Zi’im P, Q7 = ZE‘ZIH Qj-
Then, we have just proved that, for all finite I and J,

o) I
—> pnlogpy zZZ (PiQj)loga(PiQ;) — o(PiQ;) log(a1(P)oa(@Q;))

—0(PiQ;) + 01(Pi)o2(Q;)]
+o(P'Q7)logo(PTQ7) — a(P'Q”)log(a1(P")02(Q7)) — o(P'Q7) + 01 (P")o2(Q7)]

J
> Y [0(PiQ))logo(PQ;) — o(PiQ;) log(o1(Pi)oa(Q;))

=1 j=

[y

~0(P,Q;) + 01(P;)o2(Qy)]-
Taking the limits I — oo, J — o0 gives the required bound and completes the
proof of the theorem. I
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